We derived a simplified version of a previously published process-based model of forest productivity and used it to gain information about the dependence of stemwood growth on nitrogen supply. The simplifications we made led to the following general expression for stemwood carbon (c w ) as a function of stand age (t), which shows explicitly the main factors involved:
Introduction
Quantifying the relationship between forest nutrition and forest productivity is an important concern of plantation managers. Over the last decade, attempts to improve on yield predictions based on empirical site quality indices (e.g., Lewis et al. 1976 ) have led to the development of models based on the underlying biological processes that govern the relationship between productivity and nutrition (e.g., Dixon et al. 1990 ).
However, interpreting the behavior of biologically realistic models is often difficult because of the complexity of the processes involved. To facilitate such interpretation, and therefore the translation of information from complex models to guidelines for forest practice, it is useful to examine the behavior of relatively simple process-based models that are amenable to analytical solution, even though quantitative accuracy is sacrificed to some extent for qualitative insight. McMurtrie and Wolf (1983) and McMurtrie (1985 McMurtrie ( , 1991 ) developed a process-based model of stand growth that simulates the effect of nitrogen supply on forest productivity. Recently, the model has been combined with the soil carbon--nitrogen model of Parton et al. (1987) and Schimel et al. (1990) . The combined model (called G'DAY) has been used to examine the long-term response of unmanaged forest ecosystems to increasing CO 2 concentration McMurtrie 1993, Kirschbaum et al. 1994) .
The aim of this study was to derive a simplified, analytically tractable version of the plant production part of G'DAY, and use it to gain insights into the general relationship between stemwood growth and nitrogen supply in managed forests. In particular, the model was used to predict how the maximum mean annual stemwood volume increment and optimal rotation length can be expected to vary in response to changes in the supply of nitrogen from net mineralization, fertilizer additions, fixation and atmospheric deposition. ), foliage nitrogen (n f ), stemwood carbon (c w , which includes stems, branches and coarse roots), and fine root carbon (c r ). Table 1 lists the symbol definitions and units. A list of parameter values is given in Table 2 . Some of these parameter values have been taken from Comins and McMurtrie (1993) , others are biologically reasonable estimates. As such, the values have been chosen to illustrate the general behavior of the model, and do not reflect a particular species or data set.
Simple stand growth model
The model equations are based on those of McMurtrie and Wolf (1983) and McMurtrie (1985 McMurtrie ( , 1991 :
In Equation 1, carbon production (G, kg C m
) is allocated to foliage, stemwood and fine roots according to fixed allocation fractions η i (i = f, w, r), with Σ i η i = 1. Losses of carbon due to foliage, stemwood and fine root senescence occur at rates γ i (i = f, w, r). Maintenance respiration in stemwood and fine roots (specific rates r w and r r , respectively) is also explicitly represented, whereas foliage maintenance respiration and all components of plant growth respiration are included implicitly in the definition of G. In Equation 1b, the rate of increase of foliage nitrogen is the balance between plant nitrogen uptake (U, kg N m
), the allocation of nitrogen to stemwood and fine roots (derived from the respective carbon allocation fractions η w and η r and N/C ratios ν w and ν r , assumed constant), and the rate of return of nitrogen to the soil in leaf fall (for simplicity we ignored nitrogen retranslocation).
Carbon production is assumed proportional to absorbed photosynthetically active radiation (φ abs , GJ m −2 year −1
):
In the G'DAY model (Comins and McMurtrie 1993) , the light utilization coefficient ε (kg C GJ −1 PAR) is assumed to be proportional to the foliage N/C ratio (ν f = n f / c f ) when nitrogen is limiting:
where ν o is the foliage N/C ratio below which carbon production is nitrogen-limited, and ε o is the maximum value of ε obtained when nitrogen is non-limiting. Some other forms for ε(ν f ) are considered by McMurtrie (1991) ; Equation 3 is adopted here for simplicity. McMurtrie and Wolf (1983) and McMurtrie (1985 McMurtrie ( , 1991 
where φ o is the amount of incident radiation at the top of the canopy, and K f is the value of foliage carbon at which 50% of the incident light is absorbed. If k is the Beer's law extinction coefficient and σ (m 2 leaf kg −1 C) is the specific leaf area (i.e., φ abs /φ o = 1 − exp(−kσc f )), then matching Equation 4a to Beer's law at the point where the canopy absorbs 50% of the incident light gives the parameter correspondence:
Equations 4a and 4b give a good numerical approximation to Beer's law up to 50% absorption, but underestimate the amount of light absorbed by denser canopies by up to 15% (Figure 2a ). Following McMurtrie (1985) , we assume that the rate of nitrogen uptake by trees depends on the rate at which soil mineral nitrogen is made available (U o ) and on root carbon:
Here, U o represents the flux of nitrogen made available to trees from net mineralization, fertilizer application, fixation and atmospheric deposition, and K r is the value of root carbon at which 50% of the available nitrogen is taken up. Appendix A shows how K r may be interpreted in terms of the nitrogen absorption capacity of tree roots, the intensity of competition for nitrogen from other vegetation, and the rate of nitrogen loss from the system through leaching and gaseous emissions. Equations 1--5 describe the basic stand growth model. With the parameter values given in Table 2 , numerical simulation of the model (data not shown) generates a realistic pattern of stand growth in which foliage carbon, foliage nitrogen and root carbon attain equilibrium values approximately 7--8 years after planting, corresponding to canopy closure. After canopy closure, stemwood carbon continues to increase, taking much longer to reach equilibrium. Some additional stand growth characteristics are given in Table 3 .
Additional simplifying assumptions
Two additional approximations are now introduced into Equations 1--5 to allow the model to be solved analytically in terms of the model parameters. A general expression can then be obtained for the variation of stemwood carbon with stand age.
Approximation 1: foliage N/C ratio is a fast variable relative to foliage C
From Equations 1a and 1b it may be shown that the effective relaxation time for the foliage N/C ratio (ν f ) is much shorter than that for c f (by a factor of 10, with the parameter values of Table 2 ). By ''relaxation time'' we mean the time scale within which a dynamic variable would return to equilibrium following a small perturbation away from equilibrium. The relaxation time for c f is governed by the leaf senescence term in Equation 1a, and is proportional to 1/γ f . The effective relaxation time for ν f is much smaller than this because of two additional loss 
Foliage N/C ratio below which carbon production is N-limited terms in the dynamic equation for ν f (derived from Equations 1a and 1b), associated with (i) export of nitrogen to stemwood and fine roots, and (ii) the negative effect on ν f of dilution by foliage carbon growth. In other words, ν f is a ''fast'' variable relative to c f . This means that, as c f increases during the canopy-building phase, the value of ν f (when measured on the time scale 1/γ f ) will lie close to its ''fast-equilibrium'' value, given by the solution to
at each value of c f . As Figure 2b shows, this is already the case within the first year after planting. Note that the fast-equilibrium value of ν f changes with c f , and is not the same as the long-term equilibrium ν f * attained at canopy closure (see Equation B3 , Appendix B and Table 3 ). Equation 6a can be restated as
The advantage of this approximation is that Equation 6b enables n f to be eliminated from Equation 1, which therefore reduces to a set of three dynamic equations for c f , c w and c r .
Approximation 2: G approaches equilibrium on a single characteristic time scale
In numerical simulations of Equations 1--5, foliage carbon and nitrogen attain their equilibrium values (corresponding to canopy closure) approximately 7--8 years after planting. This time scale is determined principally by the inverse of the leaf senescence rate (e.g., the time to reach 90% canopy closure is approximately 2.3/γ f = 6.9 years). Simulations show that the carbon production rate (G) equilibrates on a faster time scale (about 4 years after planting), because G (Equations 2--4) is a saturating function of c f (Figure 2a) , and ν f is already close to its long-term equilibrium value ν f * after about 4 years ( Figure  2b , Table 3 ). The approach of G toward its equilibrium value, G*, can be approximated by the following expression: were calculated using the analytical expressions given in Appendices B and C. Parameter values in (a) to (c) are given in Table 2 . where λ determines the rate of approach. Equation 7 is increasingly accurate the closer G is to equilibrium. The approximation consists of extending this expression back to the initial time of planting (t = 0) when G = 0, implying in effect that the dynamics of G can be characterized by a single time scale (1/λ). As shown in the next section, the advantage of Equation 7 is that it allows the dynamic equation for stemwood carbon (c w , Equation 1c) to be integrated explicitly, giving an analytical expression for c w as a function of stand age (t), which involves the carbon production constants G* and λ.
In Appendix B, G* is derived analytically as a function of the model parameters (see Equation B9 ). With the aid of Approximation 1 (Equation 6), λ can also be calculated explicitly in terms of the model parameters (see Equation C5, Appendix C). With standard parameter values (Table 2) , we find G* = 0.95 kg C m −2 year −1 and λ = 0.64 year −1 (so that G reaches 90% of its equilibrium value at time t = 2.3/λ = 3.6 years after planting). As shown in Figure 2c , Equation 7 gives a reasonable approximation for the variation of carbon production with stand age, although it slightly underestimates G, especially during years 2--4 after planting.
General factors affecting stemwood growth
The constants G* and λ, which characterize the variation of carbon production with stand age according to Equation 7, are calculated as functions of the model parameters in Appendices B and C. Here, however, we examine some general consequences of Equation 7 for the relationship of stemwood growth to G* and λ that will be of use in interpreting the response of stemwood growth to changes in nitrogen supply.
Substituting Equation 7 into Equation 1c allows Equation 1c
to be integrated explicitly, giving the following expression for stemwood carbon as a function of stand age (t):
in which c w * is the equilibrium value of stemwood carbon, given by
and where µ w is given by
Equation 8 describes a sigmoidal growth curve (Figure 3a) , with c w increasing from zero toward an asymptotic value, given by Equation 9, that is proportional to carbon production at canopy closure, G*. The shape of the sigmoidal curve is determined by λ and µ w ; in general λ >> µ w because the time scale for carbon production to equilibrate is normally much less than the time scales associated with stemwood maintenance respiration and senescence; in the example from Table 3 ) and optimal rotation length (T) to the carbon production constants, G* and λ. In carbon terms, the mean annual increment (MAI, kg C m −2 year −1
) at time t is defined by c w (t)/t. The optimal rotation length is the time when MAI has a maximum, which coincides with the time when MAI equals the current annual increment (dc w /dt, Equation 1c), as illustrated in Figure 3b ) and T satisfy the conditions:
where ρ is the stemwood density (kg dry matter m 
This equation may be solved numerically for T for given values of λ and µ w . From Equations 8, 9, 11 and 12, Y is given by:
where
is the rate at which carbon production is allocated to stemwood at canopy closure, expressed on a stemwood volume basis (m (Table 3) , which are typical values for fast-growing Eucalyptus species in Australia (West and Mattay 1993) . Although Equations 12 and 13 must be solved numerically, useful analytical approximations to the numerical solutions can be derived by exploiting the fact that λ is typically much greater than µ w . As shown in Appendix D, these approximations are given by the following simple expressions:
and
which give T ≈ 17.7 year and Y ≈ 17.9 m 3 ha −1 year −1 with standard parameter values (cf. Table 3 ). These results show explicitly how the optimal rotation length (T) and maximum MAI (Y) can be expected to vary as functions of (i) the time for carbon production to reach equilibrium (∝ 1/λ), (ii) the combined rates of stemwood maintenance respiration and senescence (µ w , Equation 10), and (iii) the gross stemwood volume production rate at canopy closure (Y g , Equation 13b ). The value of T depends only on the first two of these factors. As Figure 4 shows, the analytical expressions given by Equation 14 are reasonable approximations to the numerical solutions of Equations 12 and 13. According to Equation 14a, T increases if carbon production equilibrates more slowly (i.e., if λ decreases), or if the specific rates of stemwood maintenance and senescence decrease (i.e., if µ w decreases), as shown in Figures 4a and 4b. Equation 14b implies that Y increases if carbon production equilibrates more rapidly (i.e., if λ increases), or if stemwood maintenance/senescence rates (µ w ) decrease (Figures 4a and 4b) ; Y is also directly proportional to Y g (Figure 4c ), and hence (see Equation 13b) to carbon production at canopy closure (G*). In quantitative terms, Y and T are relatively insensitive to changes in λ above λ = 1.0 year −1 , corresponding to equilibration times for G shorter than about 2 years (Figure 4a ). The optimal rotation length is particularly sensitive to changes in µ w below about µ w = 0.01 year −1 , corresponding to specific maintenance and senescence rates of less than 1% per year (Figure 4b) .
It is worth noting that Equation 7 also enables analytical (Table 3 ).
solutions to be found for foliage and fine root carbon as functions of stand age. These solutions have the same form as Equations 8 and 9 for stemwood carbon, with (i) η w replaced by η f and η r , and (ii) µ w replaced by γ f and µ r , respectively.
Dependence of maximum MAI and optimal rotation length on model parameters
According to the above analysis, the sensitivities of Y and T to a given parameter of the model can be interpreted in terms of its influence on each of the three factors λ, µ w and Y g . In Appendices B and C, analytical expressions are derived for Y g and λ as functions of the model parameters, and the results of a sensitivity analysis are shown in Table 4 .
Maximum MAI (Y)
The parameters to which Y is most sensitive are the stemwood density (ρ), stemwood carbon fraction (f cw ) and nitrogen supply rate (U o ). The effect on Y of increases in ρ and f cw is straightforwardly explained in terms of their effect on Y g (Equation 13b ).
Of major interest to plantation managers is the dependence of Y on U o . The sensitivity of stemwood growth to changes in U o is therefore shown more generally in Figure 5 for each extra kg of nitrogen supplied (Figure 5b ). Maximum MAI is moderately sensitive to the carbon production parameters (ε o , φ o , ν o ), allocation fractions (η f , η r ) and root N/C ratio (ν r ).
Optimal rotation length (T)
The optimal rotation length is predicted to be generally much less sensitive than maximum MAI to changes in parameter values (Table 4) , T decreases by 14% from 21 to 18 years (Figure 5b) , as a result of a 26% increase in λ from 0.53 to 0.67 year −1 (Figures 4a and 5a ). The value of T is moderately sensitive to a change in µ w (Table 4) , the sum of stemwood maintenance respiration and senescence rates, especially at small values of µ w (Figure 4b ).
Discussion
The relationship between stemwood growth and nitrogen supply Equations 8 and 9 describe a simple, process-based model of stemwood growth, showing explicitly the main factors involved. The variation of stemwood carbon with stand age [c w (t)] is determined by: (i) η w , the stemwood allocation fraction, (ii) G*, the equilibrium value of carbon production (G), Tables 2 and 3. See Tables 1 and 2 for symbol definitions. Sensitivity to the three allocation parameters was assessed by varying η f and η r with η w = 1 − η f − η r as indicated below. Note that ∆T ≈ −∆λ/2 in accordance with Equation 14a. (Table 2) .
(iii) λ, the rate at which G approaches G*, and (iv) µ w , the combined specific rate of stemwood maintenance respiration and senescence. The simple expressions for the optimal rotation length (T) and maximum MAI (Y), given by Equation 14, are of particular relevance for forest management. The effect of nitrogen supply (U o ) on maximum MAI and optimal rotation length occurs through its effect on the carbon production constants, G* and λ, which we were able to calculate as analytical functions of the model parameters. The effect of U o on maximum MAI (Y) occurs mainly through its effect on G*, the equilibrium carbon production at canopy closure. The results in Figures 4 and 5 show that G* (and therefore Y) responds linearly to U o . This response is related to our assumption that the light utilization coefficient (ε) is proportional to the foliage N/C ratio when nitrogen is limiting (Equation 3a) , and the fact that nitrogen remained limiting (i.e., ν f < ν o ) over the range of U o considered. The effect of U o on the optimal rotation length (T) occurs only through its effect on λ, the rate at which carbon production equilibrates. It is worth noting from Appendices B and C that G* and λ are not independent, and that an increase in equilibrium carbon production is associated with a decrease in the time to reach that equilibrium (Figure 5a ).
The value of T is much less sensitive than Y to a change in nitrogen supply, U o ( Figure 5b ). As noted earlier, this result follows from the prediction that the optimal rotation length responds to nitrogen supply only via changes in the equilibration rate for carbon production (λ, see Equation 14a), and that λ is relatively insensitive to U o (Figure 5a ). With reference to Equation 14a, T may be expected to decrease more rapidly with increasing U o if stemwood maintenance respiration (µ w ) increases with U o due to changes in tissue nitrogen concentration (cf. Ryan 1991 Ryan , 1995 . As the model stands, however, the predicted behavior is broadly consistent with general yield tables for Pinus radiata D. Don in South Australia (see Lewis et al. 1976, their Figure V.2) and with some examples of Eucalyptus yield tables from several countries given in FAO (1979, Chapter 11) , which show that the effect of changes in site quality on the age of maximum MAI is much smaller than the effect on the value of the maximum MAI itself.
The analytical expressions for Y and T (Equation 14) become invalid at very low nitrogen supply rates, when λ becomes so small that the condition λ >> µ w no longer holds. For the parameter values in Table 2 , λ = µ w when U o ≈ 15 kg N ha
, at which point the stemwood growth curve is no longer sigmoidal, and the concepts of maximum MAI and optimal rotation length break down.
Critical assumptions of the model
There are four key simplifying assumptions in our analysis that should be borne in mind when using the model as the basis for specific applications (e.g., Dewar and McMurtrie 1996, following article) . First, the validity of Equations 8 and 14 depends on the assumption that the approach of G toward its equilibrium value can be characterized by a single time scale (1/λ), as expressed by Equation 7. For the model of McMurtrie and Wolf (1983) and McMurtrie (1991) that we started with (Equations 1--5), this assumption appears reasonable ( Figure  2c) . If the behavior of G predicted by more complex processbased models can also be characterized this way, then Equations 8 and 14 provide a useful general framework with which to interpret the output of these models.
Second, the present model assumes that the decrease in stemwood volume increment in old stands (Figure 3b ) is caused by increasing stemwood maintenance respiration and senescence (described by the parameter µ w ), with foliage biomass (c f ) and carbon production (G, Figure 2c ) remaining constant after canopy closure. This interpretation of the observed decline in the aboveground productivity of older stands, though widely accepted for many years, has not been rigorously tested and has been questioned (Ryan and Waring 1992) . Other hypotheses have been proposed (e.g., Murty et al. 1996) , including reduced stomatal conductance (thereby reducing ε) and decreased nutrient availability (U o ). It is clearly important to examine the implications of these alternative hypotheses for predictions of stemwood growth, maximum MAI and optimal rotation lengths.
Third, it is assumed that the allocation fractions are fixed constants during stand development. This is clearly not the case in real stands, particularly during the years before canopy closure. Numerous studies of coniferous species have shown that partitioning of aboveground dry matter production to wood tends to increase at the expense of foliage as stands approach canopy closure, but is approximately constant after canopy closure (see reviews by Cannell 1985 , Gower et al. 1994 . There are few data on changes in allocation between roots and foliage for different-aged stands of the same species. However, fertilization studies and comparisons between trees grown on fertile and nutrient-poor sites (Gower et al. 1994) suggest that allocation to root growth may increase if nutrient availability declines with stand age, for example due to immobilization of nutrients by woody litter in old stands (Pearson et al. 1987) . There are several approaches to modeling allocation dynamically (Cannell and Dewar 1994) . However, it is unlikely that dynamic allocation could be incorporated into the present analytical framework, and its implications for stemwood growth would probably require numerical simulation. The assumption of constant allocation fractions provides a useful first approximation, but its limitations are acknowledged and will be critically examined elsewhere. Fourth, the model ignores the effects of litter and soil organic matter decomposition on the supply of mineral nitrogen, assuming instead that U o is a constant, externally imposed parameter. Nevertheless, this may be a reasonable assumption to make for managed plantation systems. Over successive rotations, however, U o may change as a result of nitrogen losses from the system associated with harvesting and fire management regimes. The model therefore provides a useful basis for examining the long-term sustainable forest productivity, and its relationship to nutrient management and climate change. Such an application is described in a companion paper (Dewar and McMurtrie 1996) .
given by
and so reflects the nitrogen absorption capacity of tree roots, the intensity of competition for nitrogen from other vegetation, and the intrinsic loss rate of nitrogen out of the system. B). Mathematically, the parameter λ in Equation 7 is then equal to −λ 1 , where λ 1 is the least negative eigenvalue of the dynamics of the linearized G--U system. Standard eigenvalue analysis gives: 
and B = γ f µ r βδ (x + β)(δ − α(x + β)) ,
where x, α, β and δ are given in Appendix B (Equations B7--B8). The least negative eigenvalue is λ 1 (Equation C3a), and so, setting λ = −λ 1 , we have:
With the standard parameter values in Table 2 , we find λ 1 = −0.640 and λ 2 = −1.512. Although λ 2 only differs from λ 1 by a factor of 2.3, the use of the single exponential term exp(−λt) in Equation 7 appears to be justified by the close agreement between the calculated stemwood growth curve based on Equation 7 (i.e., Equation 8) and that based on the full numerical simulation of Equations 1--5, as shown in Figure 3 .
